Examples of non-conjugated holomorphic vector fields and foliations  by Teyssier, Loc
J. Differential Equations 205 (2004) 390–407
Examples of non-conjugated holomorphic vector
ﬁelds and foliations
Loc Teyssier
Laboratoire Paul Painlev, Universit de Lille 1, Boulevard Painleve´, 59655 Villeneuve d’Ascq, Ce´dex, France
Received November 27, 2003; revised March 22, 2004
Available online 20 May 2004
Abstract
We consider germs of holomorphic vector ﬁelds near the origin of C2 with a saddle-node
singularity, and the induced singular foliations. In a previous article we described the
invariants addressing the analytical classiﬁcation of these vector ﬁelds. They split into three
parts: a formal, an orbital and a tangential component. For a ﬁxed formal class, the orbital
invariant (associated to the foliation) was obtained by Martinet and Ramis; we give it an
integral representation. We then derive examples of non-orbitally conjugated foliations by the
use of a ‘‘ﬁrst-step’’ normal form, whose ﬁrst-signiﬁcative jet is an invariant. The tangential
invariant also admits an integral representation, hence we derive explicit examples of vector
ﬁelds, inducing the same foliation, that are not mutually conjugated. In addition, we provide a
family of normal forms for vector ﬁelds orbitally equivalent to the model of Poincare´–Dulac.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Consider a vector ﬁeld
Zðx; yÞ :¼ Aðx; yÞ @
@x
þ Bðx; yÞ @
@y
;
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whose components A; BACfx; yg are germs of holomorphic functions at ð0; 0ÞAC2;
which we can suppose to be holomorphic on the unit polydisc DD: We assume
that Að0; 0Þ ¼ Bð0; 0Þ ¼ 0 and that ð0; 0Þ is the only common zero of A and B on
DD: This vector ﬁeld induces a foliation FZ with an isolated singularity at ð0; 0Þ;
whose leaves are the integral curves (the complex trajectories) of Z:
Two vector ﬁelds Z and Z˜ will be said analytically (resp. formally) conjugated if
there exists a holomorphic (resp. formal) change of coordinates c ﬁxing ð0; 0Þ such
that
cZ ¼Dc
1ðZ3cÞ
¼ Z˜:
We will mostly omit the ‘‘analytically’’ in all the following and we will write ZBZ˜:
Since two vector ﬁelds induce the same foliation if, and only if, they differ by the
multiplication with a non-vanishing holomorphic function U ; we will say that two
foliations FZ and F Z˜ are (analytically, formally) conjugated if Z is conjugated to
some UZ˜: We then speak of orbitally equivalent vector ﬁelds.
Generically, a holomorphic vector ﬁeld is linearizable: H. Poincare´ showed that if
the quotient l1l2 of the eigenvalues of the linear part of Z at ð0; 0Þ is not real, then Z is
conjugated to the linear vector ﬁeld l1x @@x þ l2y @@y: In the following we will restrict
our study to saddle-node vector ﬁelds, corresponding to l1 ¼ 0: We will assume from
now on that (Fig. 1)
Zðx; yÞ ¼ ly @
@y
þ h:o:t:;
where la0; and ‘‘h.o.t.’’ stand for higher order terms.
The main purpose of this paper is to provide examples of non-orbitally equivalent
foliations. This work is an improvement of a result by Elizarov in [5]. He considers
families ðXeÞe :¼ ðX0 þ eRy @@yÞe of vector ﬁelds formally orbitally equivalent to some
X0 and ﬁnds a small enough ea0 for which XefX0; provided R satisﬁes some
hypothesis. Under less restrictive hypothesis, we show that in fact XeaXe0 as soon as
eae0:
We shall recall known facts about saddle-node vector ﬁelds, and the further
assumptions we will make.
(1) Z is formally orbitally equivalent to one and only one of the following Poincare´–
Dulac models [4]:
X0ðx; yÞ :¼ xkþ1 @
@x
þ yð1þ mxkÞ @
@y
for ðk; mÞAN  C: From now on we ﬁx a formal orbital class ðk; mÞ: See Fig. 1.
(2) Furthermore, Z is formally conjugated to a vector ﬁeld (cf. [3,8,10])
Z0ðx; yÞ :¼ PðxÞX0ðx; yÞ;
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where P is a polynomial of degree at most k; satisfying Pð0Þ ¼ l: This
polynomial is unique up to the action of Z=k; namely PX0BP˜X0 if, and only if,
there exists ak ¼ 1 such that PðxÞ ¼ P˜ðaxÞ:
(3) The foliation FZ admits a germ at ð0; 0Þ of holomorphic invariant curve
(a separatrix) S corresponding to the eigenvalue la0; tangent to the eigenvector
ð0; 1Þ: There exists a ‘‘formal separatrix’’ #S corresponding to the eigenvalue 0;
which is divergent for most Z: We will restrict our study to vector fields whose
formal separatrix #S is convergent.
(4) According to Dulac [4], up to a local holomorphic change of coordinates, we can
write
Z ¼UX ;
X ¼X0 þ y2R1ðx; yÞ @
@y
for some germs U and R1; satisfying Uð0; 0Þ ¼ la0: In the following we will
always assume that Z is taken under that form and set R :¼ yR1:
All the results obtained in the following are compatible with the setting of real
analytic vector ﬁelds and change of coordinates. Besides one can easily adapt the
reasoning and computations to the case of saddle-resonant vector ﬁelds and
foliations through the ramiﬁed ‘‘change of coordinates’’ ðx; yÞ/ðxqyp; yÞ ¼
ARTICLE IN PRESS
Fig. 1. The foliation associated to x2 @@x þ y @@y:
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ðuðx; yÞ; yÞ; where l1l2 ¼ 

p
q
AQ
: We thus have the correspondence
X02
 p
q
xð1þ ðm
 1ÞukÞ @
@x
þ yð1þ mukÞ @
@y
:
1.1. Orbital non-equivalence
Set
aðb; mÞ :¼ 1
 bm if 
 bmAN;
0 else:

Theorem 1. Assume that X is not orbitally equivalent to X0: Then:
(1) There exists a unique bAN; a polynomial Qa0 of degree at most k 
 1 and a
germ R1ACfx; yg such that
XBX0 þ ybþ1ðxaðb;mÞQðxÞ þ yR1ðx; yÞÞ @
@y
:
(2) If X and X˜ are orbitally equivalent then b ¼ b˜ and there exists ak ¼ 1; ca0 such
that QðxÞ ¼ cQ˜ðaxÞ:
For each aXaðb; mÞ we could obtain such ‘‘ﬁrst-order’’ normal forms with a
perturbation of the form xaQ þ h:o:t: As a direct corollary we derive families of non-
conjugated foliations.
Corollary 2. Let b; b˜AN be given, let Q and Q˜ be polynomials of degree at most
k 
 1 such that QðxÞacQ˜ðaxÞ for any scalars ca0 and ak ¼ 1 if b ¼ b˜: Then any
vector field of the form X ¼ X0 þ ybþ1ðxaQ þ yR1Þ @@y cannot be orbitally equivalent to
any vector field of the form X˜ ¼ X0 þ yb˜þ1ðxaQ˜ þ yR2Þ @@y; as long as aXaðb; mÞ:
For instance, consider the case k ¼ 2; m ¼ 0 and the family of foliations ðF b;b;RÞ
deﬁned by
Xb;b;R :¼ x3 @
@x
þ yð1þ ybxðbþ xÞ þ ybþ1Rðx; yÞÞ @
@y
for bAN; bAC and RACfx; yg: This family corresponds to the family of ordinary
differential equations
x3y0 ¼ yð1þ ybxðbþ xÞ þ ybþ1Rðx; yÞÞ:
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The conclusion is that, if bab˜ or ba *b; no foliation F b;b;R can be equivalent to
another F b˜; *b;R˜; whatever R and R˜ may be.
The bound aðb; mÞ is sharp since when bmA
N any vector ﬁeld X ðbÞ :¼
x3 @@x þ yð1þ mx2 þ ybx
bmðbþ xÞÞ @@y is conjugated to X ð0Þ:
1.2. Normal forms for transversally affine foliations
According to Berthier and Touzet [2], a saddle-node vector ﬁeld X induces a
transversally afﬁne foliation if, and only if, X admits a Liouville-type ﬁrst integral or
equivalently if, and only if, X is orbitally equivalent to some vector ﬁeld
X ¼ X0 þ ybþ1RðxÞ @
@y
for bAf
1g,N: We can give normal forms for R when b40 as in Theorem 1. The
next theorem follows an example given in [7] when k ¼ 1; m ¼ 0 and b ¼ 1:
Theorem 3. Let X induce a transversally affine foliation with convergent separatrix #S;
not conjugated to FX0 (this case corresponding to b ¼ 0). Then there exists a unique
bAN and a polynomial Qa0 of degree at most k 
 1; such that
XBX0 þ ybþ1xaðb;mÞQðxÞ @
@y
:
This form is unique up to linear transformation ðx; yÞ/ðax; cyÞ with ak ¼ 1 and ca0:
Notice that it is possible to prove this statement also when b ¼ 
1:
1.3. Tangential non-conjugacy
We ﬁx a vector ﬁeld X and a formal class PðxÞ: We give examples of non-
conjugated vector ﬁelds of the form Z ¼ ð1þ yNÞPX (it is always possible to assume
that Z is written like this as we will see) although those vector ﬁelds are mutually
formally conjugated.
Corollary 4. Let bAN be given, let Q and Q˜ be polynomials of degree at most k 
 1
such that QðxÞacQ˜ðaxÞ and PðxÞaPðaxÞ for any scalars ca0 and ak ¼ 1: Then any
vector field of the form Z ¼ ð1þ ybðxaQ þ yN1ÞÞPX cannot be conjugated to any
vector field of the form Z˜ ¼ ð1þ ybðxaQ˜ þ yN˜1ÞÞPX ; as long as aXaðb; mÞ:
The bound aðb; mÞ is here again sharp as every vector ﬁeld ð1þ x
bmybbÞZ0; for
bAC; is conjugated to Z0:
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1.4. Tangential normal forms for normalizable foliations
We assume that Z is analytically orbitally equivalent to X0: The following result
provides a family of normal forms within the family O of such vector ﬁelds. Set
a˜ðb; mÞ :¼ 1þ ½
bm if mp0;
0 else:

Theorem 5. Consider the family of germ of functions:
T :¼
X
b40
ybxa˜ðb;mÞPbðxÞ; PbðxÞ ¼ pb;0 þ?þ pb;k
1xk
1
( )
:
Then, for each ZAO; there exists a function GAT and a polynomial P of degree at
most k with Pð0Þa0; such that ZB 1
1þPG PX0: This form is unique up to linear
transformation ðx; yÞ/ðax; cyÞ with ak ¼ 1 and ca0:
2. Integral representation of the invariants
We recall that Z ¼ UX : In order to prove the statements, we relate the equation
CZ ¼ Z˜
to two homological equations, i.e. equations involving X as a derivation:
X  F ¼ G:
This is done by the next lemma. Notice that the conjugacy equation can be written as
Z3C ¼ Z˜ C:
We will use the notation FtY as the ﬂow of the vector ﬁeld Y at time t:
Lemma 6. Let W ; Y be commuting germs of holomorphic vector fields, singular at
ð0; 0Þ: Consider, for a ( formal, convergent) power series F at ð0; 0Þ; the ( formal, local
holomorphic) change of coordinates cðx; yÞ :¼ FFðx;yÞY ðx; yÞ: Then:
cW ¼ W 
 W  F
1þ Y  F Y :
Proof. First, a formal computation ensures that c is indeed a formal change of
coordinates. The fact that FtY ðx; yÞ is a convergent power series near ð0; 0; 0Þ
implies that c is convergent if, and only if, F is. Notice that we can always assume
Fð0; 0Þ ¼ 0:
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The claim then follows from easy computation using the chain rule and the fact
that if ½W ; Y  ¼ 0 then ðFtY ÞW ¼ W :
Now by taking, respectively, ðW ; YÞ :¼ ðZ; ZÞ and ðW ; YÞ :¼ ðX0; y @@yÞ; we obtain
that:
(1) Conjugating Z ¼ UX and U˜X by change of coordinates of the form T :¼ FFZ is
equivalent to solve the homological equation
X  F ¼ 1
U

 1
U˜
:
Those changes of coordinates can be referred to as tangential conjugacies. They
are isotropies of the foliation FZ:
(2) Conjugating X ¼ X0 þ Ry @@y and X0 by change of coordinates of the form N :
¼ FF
y
@
@y
is equivalent to solve the equation
X  F ¼ 
R:
Those changes of coordinates are ﬁbered since FFðx;yÞ
y
@
@y
ðx; yÞ ¼
ðx; y exp Fðx; yÞÞ: &
This splitting of the conjugacy problem in two proves to be sufﬁcient to establish
the formal and analytical classiﬁcation of saddle-node vector ﬁelds, as is done in [11].
The invariants of this classiﬁcation happen to possess an integral representation
which we will exploit to prove the results. This section is devoted to obtain the
representation.
2.1. Homological equation
Along a leaf, we can straighten up X onto @@t so that the homological equation
reads
@
@t
f ðtÞ ¼ gðtÞ:
We need to integrate gðtÞ dt along a path g linking t to some ﬁxed point in order to
ﬁnd f ðtÞ:
Back in the ðx; yÞ coordinates, the form dt becomes any (meromorphic) 1-form t
such that tðXÞ ¼ 1; we choose it to be t :¼ x
k
1 dx: Furthermore, for any path
g : ½0; 1-C2 tangent to the foliation, if a holomorphic F exists, then
Fðgð1ÞÞ 
 Fðgð0ÞÞ ¼
Z
g
Gt:
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The immediate obstruction is the existence of cycles not homotopic to a point within
a leaf. This proves to be the only obstruction as long as we consider ‘‘asymptotic
cycles’’ instead (see Fig. 2). They are tangent paths
g :R-C2\ð0; 0Þ
lim
t-7N
gðtÞ ¼ ð0; 0Þ:
In order to understand the geometrical obstruction, we then need to describe the
‘‘asymptotic’’ topology of the foliation. We refer to [1] for details on the homological
equation associated to resonant saddles (Fig. 2).
2.1.1. Asymptotic topology
There exists a covering of D D into k41 open sectors of the form s D
(See Fig. 3.) such that the foliation induced by X over each one is tangentially
contractible to ð0; 0Þ (property (2) of the upcoming proposition). In particular, the
corresponding leaves are asymptotically simply connected. The asymptotic cycles
arise in the saddle parts, intersection of two consecutive sectors (property (3)). When
k ¼ 1 we obtain such a covering by 2 sectors, with a slightly different construction.
In that case there is nonetheless only one saddle part, strictly speaking.
We will number the sectors Vj for jAZ=k: The intersection of Vjþ1 and Vj is the jth
saddle part Vsj (Fig. 3)
Theorem 7 (Teyssier [9]). There exists r40 such that the following is satisfied by the
sectorial foliations induced by X on rVj:
(1) For all ðx; yÞArVj; there exists an asymptotic tangent path gjðx; yÞ linking ð0; 0Þ to
ðx; yÞ within rVj:
(2) If g is a tangent (or asymptotic tangent) cycle inside rVj then g is tangentially
homotopic to ð0; 0Þ:
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Fig. 2. An asymptotic cycle of x2 @@x þ y @@y:
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(3) For any ðx; yÞArVsj ; the concatenation of gjþ1ðx; yÞ and 
gjðx; yÞ is an asymptotic
cycle. It is not tangentially homotopic to a point if, and only if, ya0: We will call it
gNj ðx; yÞ: It is the only tangential homotopy class, up to a change of orientation, of
asymptotic cycles inside rVj,rVjþ1:
At the expense of a linear rescaling we can further assume that r ¼ 1:
2.1.2. Resolution of the homological equation
After solving the equation formally, one can try and integrate the right member Gt
along the paths gjðx; yÞ in order to ﬁnd sectorial solutions Fj then try and glue them
above the intersections V sj :
Theorem 8 (Teyssier [9]). Let GACfx; yg be given.
(1) There exists a formal FAC½½x; y such that X  F ¼ G if, and only if, Gðx; 0Þ ¼
oðxkÞ: This solution is unique up to the addition by a scalar. We will assume that
Fð0; 0Þ ¼ 0:
(2) The integral functions
Fjðx; yÞ :¼
Z
gjðx;yÞ
Gt
are holomorphic in Vj if, and only if, there exists a formal solution. They are the
unique bounded holomorphic solutions in Vj; up to the addition by a scalar. The
value of the integral only depends on the tangential homotopy class, with fixed
extremities, of the path considered (as long as its image lies inside Vj).
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Fig. 3. Sectorial decomposition of a saddle-node ðk ¼ 2Þ:
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(3) The power series F is convergent if, and only if, for all ðx; yÞA Sj VsjZ
gN
j
ðx;yÞ
Gt ¼ 0:
Remark 9. The power series F appears then to be k-summable in the sense of Ramis
[7], with k-sum ðFj; VjÞj: In particular the Fj’s have F as asymptotic expansion at
ð0; 0Þ:
2.1.3. Period and cokernel
We can express the integral obstruction as a convergent power series in the transverse
variable h: For a given ðx; yÞAV sj ; the value of Fjþ1ðx; yÞ 
 Fjðx; yÞ depends only on
the tangential homotopy class of gNj ðx; yÞ; which itself only depends on the leaf (of the
foliation restricted over V Sj ) containing ðx; yÞ: Thus we can construct a holomorphic
function on the space of leaves above Vsj (a holomorphic disc):
T jX ðGÞ : h/
Z
gN
j
ðhÞ
Gt:
We choose h ¼ 0 corresponding to the separatrix fy ¼ 0g: Since fy ¼ 0g is
asymptotically simply connected T jX ðGÞð0Þ ¼ 0: This mapping is well deﬁned only
as a class of such functions: there exists an ambiguity in the choice of the transverse
variable h; namely a linear change of coordinates h/ch for ca0 (see [7] or [10]).
Deﬁnition 10. Consider the vector spaces
G :¼fGACfx; yg : Gðx; 0Þ ¼ oðxkÞg;
T :¼f fACfhg : f ð0Þ ¼ 0g:
We deﬁne the period operator:
T X : G-T k
G/ðT jX ðGÞÞj:
The following proposition is a summary of the resolution of the homological
equation; the surjectivity of the last arrow can be proved using Ramis–Sibuya
theorem (cf. [6]).
Theorem 11 (Teyssier [9,10]). We have an exact sequence of vector spaces
X  T X
0-C+Cfx; yg-G7T k-0:
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Deﬁnition 12. We will call section of the cokernel of X  a couple ðK ;KÞ formed with
a linear isomorphism K : T k-KoG such that T X 3K ¼ Id: We will identify the
cokernel of X  with K:
2.2. Analytical invariants
Those invariants are the obstructions to solve the normalization equations
X  F ¼ 1
P

 1
U
and
X  F ¼ 
R;
corresponding, respectively, to the conjugacy equations TPX ¼ UX and NX0 ¼
X : It follows from the previous section that over each sector Vj the vector ﬁeld Z is
holomorphically conjugated to its formal normal form Z0 ¼ PX :
Theorem 13 (Teyssier [10], Meshcheryakova–Voronin [8]). Let M be the space of all
uple ðP;joj ;jtjÞj where P is a polynomial of degree at most k with Pð0Þa0 and
ðjoj ;jtjÞAT  T : Consider the equivalence relation
ðP;joj ;jtjÞjRðP˜; *joj ; *jtjÞj 3 ð(ca0; yAZ=kÞ
Pðe2ipy=kxÞ ¼ P˜ðxÞ;
jjþyðchÞ ¼ *jjðhÞ:
(
There exists a map m from the space of vector fields formally orbitally equivalent to X0;
into M; such that:
(1) mðZÞRmðZ˜Þ if, and only if, ZBZ˜:
(2) m is surjective.
(3) for any finite-dimensional holomorphic family e/Ze the map e/mðZeÞ is also
holomorphic.
Remark 14. Of course the orbital invariants j are related to those of Martinet/
Ramis [7]. We have the following relation:
jMRðhÞ ¼ h expð2ipm=k þ 2ipjoðhÞÞ:
According to Section 2.1, we can identify the space of invariants M to a
cokernel of the derivation X : We can moreover deduce the integral representation
we sought:
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Corollary 15. We can choose
joj ¼
1
2ip
T jX ð
RÞ;
jtj ¼
1
2ip
T jX
1
P

 1
U
 
:
The invariant of Z0 is consequently ðP; 0;y; 0Þ: Moreover, since jtjð0Þ ¼ 0 we can
assume that Z ¼ ðPðxÞ þ yNðx; yÞÞX up to local holomorphic change of coordi-
nates.
3. Proof of the theorems
We will write T 0 :¼ T X0 as the period operator associated to X0: We ﬁrst show an
estimate:
Proposition 16. Let GAG be such that G ¼ ybG1 with b40: Then
T jX ðGÞðhÞ ¼ T j0ðybG1ðx; 0ÞÞðhÞ þ oðhbÞ:
In order to use this estimate to show the theorems and corollaries of the
introduction, we need to compute T 0: This is done in the next section. Corollary 15
implies then the claimed examples of non-equivalent vector ﬁelds and foliations.
Proof. Consider the sectorial orbital normalization Nj :¼ FFj
y
@
@y
: on Vj: The function
Fj satisﬁes Fjðx; 0Þ ¼ 0 since X  Fj ¼ 
yR1: Besides the vector ﬁeld X admits a ﬁrst-
integral Hj over Vj of the form
Hjðx; yÞ ¼ yx
m expðx
k=kÞexp Fjðx; yÞ
for H0ðx; yÞ :¼ yx
m expðx
k=kÞ is a ﬁrst integral of X0: Hence the asymptotic path
gjðx; yÞ can be parametrized by
zAgjðxÞ/ðz; yðzÞÞ;
with
yðzÞ ¼ hzm expð
z
k=k 
 Fjðz; yðzÞÞÞ
and where h :¼ Hjðx; yÞ is the transverse coordinate. The path gjðxÞ included in
fy ¼ 0g is described in Fig. 4 below.
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Consequently, the main term of the next estimates does not depend on j:
yðzÞ ¼ hzm expð
z
k=kÞ þ
%
oðhÞj ;
the last term being also a function of z: Write now
T jX ðGÞðhÞ ¼
Z
gjþ1ðxÞ
gjðxÞ
hbzbm expð
bz
k=kÞG1ðz; 0Þt
þ
Z
gjþ1ðxÞ %
oðhbÞjþ1t

Z
gjðxÞ %
oðhbÞjt
¼T j0ðybG1ðx; 0ÞÞðhÞ þ oðhbÞ: &
3.1. Proof of Theorem 5
We ﬁnd a section of the cokernel of X0 which will provide normal forms for
vector ﬁelds analytically orbitally equivalent to X0 (characterized by joj ¼ 0) as a
direct application of Corollary 15. We recall the deﬁnition of aðb; mÞ and a˜ðb; mÞ:
aðb; mÞ :¼ 1
 bm if bmA
N;
0 else;

a˜ðb; mÞ :¼ 1þ ½
bm if mp0;
0 else:

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Fig. 4. k ¼ 2; j ¼ 0:
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Proposition 17 (Teyssier [11]). Let
K :¼
X
b40
ybxa˜ðb;mÞPbðxÞ : PbðxÞ ¼ p0;b þ?þ pk
1;bxk
1
( )
and
K : T k-K
f ¼
X
b40
fj;bh
b
 !
j
/
1
2ipk
X
b40
yb
Xa˜ðb;mÞþk
1
a¼a˜ðb;mÞ
GðbÞðb=kÞ
b
Xk
1
j¼0
e
bipð2jþ1Þfj;b
 !
xa;
where b ¼ aþbm
k
: The couple ðK ;KÞ is a section of the cokernel of X0  :
Proof. First, we compute
c
j
a;b :¼ h
bT j0ðxaybÞðhÞ
¼ 2ip
GðbÞ
b
k
 b
ebipð2jþ1Þ:
To do so we parametrize the asymptotic cycle gNj ðx; yÞ tangent to X0 as
x/ðx; hxm expð
x
k=kÞÞ;
with h :¼ H0ðx; yÞ: Set d :¼ exp ð2ip=kÞ and consider the sectorial change of
coordinates x/
 bðd
jxÞ
k=k ¼ z in order to computeZ
gN
j
ðx;yÞ
xayb
dx
xkþ1
¼ ðd jð
b=kÞ1=kÞkb h
b
b
Z
g
z
bez dz;
where g is an ‘‘asymptotic cycle’’ of fReðzÞo1g\R
 as indicated in the Fig. 5 below.
The latter is a Henkel integralZ
g
z
bez dz ¼ 2ip
GðbÞ:
Notice that this quantity vanishes if, and only if, a þ bmA
 kN; the assumption
aXaðb; mÞ ensures us that T j0ðxaybÞa0:
Next, set a :¼ a˜ðb; mÞ: Solving T j0 ybxa
Pk
1
a¼0 pa;bx
a
 
ðhÞ ¼ fj;bhb is equivalent to
solving
½d
jbmfj;bjAZ=k ¼ ½d jðaþaÞa; jAZ=k½c0aþj;bpj;bjAZ=k;
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which is an invertible system since c0aþa;ba0 and the determinant of the matrix is k:
We deduce then the values of the pa;b’s. &
Without loss of generality we can assume that k ¼ 1 to show that the series Kð f Þ
is actually convergent. We also need a technical result which can be easily
proved using Stirling asymptotics of the G-function and the relation
z sinðpzÞGð
zÞGðzÞ ¼ 
p:
Lemma 18. For ma0 consider Dm :¼ mRþ: Going to infinity along Dm we have the
equivalent:
(1) (Stirling) if ReðmÞ40:
GðzÞB
ﬃﬃﬃﬃﬃ
2p
z
r
zze
z:
(2) if ReðmÞo0 and ImðmÞAR7:
GðzÞB8i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2p
z
r
ð
zÞzezð
17iÞ:
(3) if mo0:
GðzÞB
ﬃﬃﬃﬃﬃﬃﬃ
p
2jzj
r
jzjz e

z
sinðpzÞ:
(4) if mAiR7:
GðzÞB
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
72p
z
r
e7iz=2:
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Using these Stirling-like asymptotics we immediately obtain the convergence
of the series when meR
: When mp0 the choice of a˜ðb; mÞ we made implies that
b ¼ a˜ðb; mÞ þ bm is comprised between 1 and 2, so GðbÞ is also bounded. The
convergence follows.
Remark 19. When mo0 is irrational we indeed need to shift the x powers by
a˜ðb; mÞ otherwise the ‘‘naive’’ construction of Kð f Þ is not assured to converge.
For instance the series
P
ybGðbmÞb1
bm is divergent as (3) of the above lemma
implies.
The main fact to remember in the following is that T j0ðybgðxÞÞðhÞ ¼ ajhb with
ajAC: More generally a direct formal computation shows the exactness of the
following sequence:
0-C+Cfxg½ y !X0 Cfxg½y-G 7T 0 C½h-0:
In that case we can replace a˜ðb; mÞ with aðb; mÞ and force functions of K to be of
bounded degree in the y-variable to deﬁne a section of the cokernel ðK ;KÞ; this will
provide the exponents in Theorems 1, 3 and Corollaries 2, 4. There is indeed no
problem of convergence for Kð f Þ is a polynomial.
3.2. Proof of Corollary 4
Write Z ¼ UX ¼ ð1þ ybðnðxÞ þ yN1ÞÞPX so that
1
P

 1
U
¼ ybnðxÞ þ ybþ1N˜1:
Using Proposition 16 and Corollary 15 we obtain
jtjðhÞ ¼ T j0ðybnðxÞÞðhÞ þ oðhbÞ:
The result follows now from Proposition 17.
3.3. Proof of Theorem 3
We will construct an explicit change of coordinates between X :¼ X0 þ ybþ1RðxÞ @@y
and some X˜ :¼ X0 þ ybþ1xaðb;mÞQðxÞ @@y:
Seek a function Fðx; yÞ ¼ ybf ðxÞ and a polynomial Q such that cðx; yÞ :¼
ðx; yð1þ bFðx; yÞÞ
1=bÞ satisﬁes
X3c ¼ X˜  c:
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Setting Q˜ :¼ xaðb;mÞQ; we are led to solve for the @@y-component, after multiplication
by ð1þ bFÞ1=b:
yð1þ mxkÞ þ y
bþ1RðxÞ
1þ bF ¼ yð1þ mx
kÞ þ 
yX0  F þ y
bþ1Q˜ðxÞ
1þ bF :
Hence, we only need to solve
X0  F ¼ ybðQ˜ðxÞ 
 RðxÞÞ:
Applying Proposition 17 we ﬁnd a Q˜ such that T 0ðybQ˜ðxÞÞ ¼ T 0ðybRðxÞÞ; and
consequently there exists a holomorphic F giving rise to the claimed change of
coordinates.
Moreover,
jMRðhÞ ¼ he2ipm=kð1þ bT 0ðybRÞðhÞÞ1=b;
which is an afﬁne map in the chart h/h
1=b:
3.4. Proof of Theorem 1
According to Corollary 15 and Proposition 16, if X ¼ X0 þ ybþ1R @@y then
joj ðhÞ ¼ 
T j0ðybRðx; 0ÞÞðhÞ þ oðhbÞ:
Notice that since X is not orbitally equivalent to X0 then at least one joj is non-zero.
We then set bðX Þ :¼ maxfb : ð8jAZ=kÞ joj ðhÞ ¼ OðhbÞg: The next proposition,
together with the Proposition 17 and Corollary 15, provides the rest of the proof
of Theorem 1.
Proposition 20. The vector field X is orbitally analytically equivalent to a vector field
of the form X0 þ ybþ1R @@y if, and only if, for all jAZ=k we have joj ðhÞ ¼ OðhbÞ:
Proof. The direct implication is given by Propositions 16 and 17. For the converse
we use an induction on b and the same strategy as in Section 3.3. Assume that
joj ðhÞ ¼ oðhbÞ and X ¼ X0 þ ybþ1R @@y then show that X is analytically orbitally
equivalent to some X0 þ ybþ2R˜ @@y; using a change of variables of the form
cðx; yÞ ¼ x; yð1þ bybf ðxÞÞ
1=b
 
:
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Conjugating X0 þ ybþ1R @@y and X0 þ ybþ2R˜ @@y means then to solve
X0  ybf ðxÞ ¼ ybRðx; 0Þ;
yR˜3cðx; yÞ ¼ ðRðx; yÞ 
 Rðx; 0ÞÞð1þ bybf ðxÞÞ1=b:
The ﬁrst equation admits a holomorphic solution since, according to Proposition 16,
T 0ðybRðx; 0ÞÞ ¼ 0: The second equation determines ﬁnally R˜: &
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